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Algebra 
 

 
 
1. For ݔ, ,ݕ ݖ ≥ 0, the following inequality holds: 5൫∑ ඥݔ + ∑൯൫ݕ ඥ(ݔ + ݕ)(ݕ + ൯(ݖ ≥ ൫∑ ඥݔ + ൯ଷݕ + 18ඥ(ݔ + ݕ)(ݕ + ݖ)(ݖ +  .where all sums are cyclic  (ݔ

Leonard Giugiuc 
2. Find ݔ ∈ (−1,1) so that ൫(ݔ)ܯ൯௡ = ܯ ቀଵଶቁ, where 

ܯ = ۈۉ
ۇ 1√1 − ଶݔ 0 1√ݔ − ଶ0ݔ 1 1√ݔ0 − ଶݔ 0 1√1 − ۋیଶݔ

 .ۊ
Daniel Sitaru 

3. Assume 1 < 2ܽ < 2ܾ < 2ܿ. Prove or disprove that อ 1 1 1ܽ ܾ ܿܽସ ܾସ ܿସอ ≥ อ 1 1 1ܽ ܾ ܿܽଷ ܾଷ ܿଷอ. 
Daniel Sitaru 

4. Consider the positive number ݔ௞, ݇ = 1, … , ݊ so that ∑ ௞ݔ = 1௡௞ୀଵ , ݊ ≥ 1. Prove: ෑ ௞ଵݔ ௫ೖ⁄௡
௞ୀଵ ≤ 1݊௡మ 

Daniel Sitaru, Leonard Giugiuc 
5. If ܽ, ܾ, ܿ ≥ 1, prove that  ඥܽଶ − 1 + ඥܾଶ − 1 + ඥܿଶ − 1 ≤ ܾܽ + ܾܿ + ܿܽ2 . 

Dorin Mărghidanu 
6. Prove that if ܽ, ܾ, ܿ ∈ (1,∞) then: ට∑ ௔(௔ିଵ)మర ≥ √6(10 − ܽ − ܾ − ܿ)  

Daniel Sitaru, Leonard Giugiuc 
7. Find permutations ݔ, ,ݕ ݖ ∈ ܵହ so that: ݖݕݔଶ = ቀ1 2 3 4 51 2 4 3 5ቁ ସ, EDITURA Pݖ
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300 ROMANIAN MATHEMATICAL CHALLENGES  8 ݕݔଶݖ = ቀ1 2 3 4 51 3 2 4 5ቁ ݖݕଶݔ ,ଶݖ = ቀ1 2 3 4 55 3 2 4 1ቁ  .ଶݖ
Daniel Sitaru 

8. Let ݔ, ,ݕ ܽ, ܾ be real numbers so that (ݔ + 1)ଶ + ଶݕ = 1 and (ܽ − 2)ଶ + ܾଶ = 4. Find all possible values of ܽݔ +  .ݕܾ
Leonard Giugiuc 

9. Consider ݔ, ,ݕ ,ݖ ݐ ∈ (0,1), Ω = ∑ ඥݔଶ + (1 − ଶ௖௬௖௟(ݕ .  Find ݉ = inf Ω and ܯ = sup Ω. 
Daniel Sitaru 

10. Consider the real numbers ܽ > 0 and ܾ ∈ ቀ௔ଶ , ܽ]. Prove that: a.  1ݔଶ − ݔܽ + ܾଶ ≤ ݔ + 2ܾ − ܽ(2ܾ − ܽ)ܾଶ , for any ݔ ∈ [0,∞); b. ଶݔ1 − ݔܽ + ܾଶ + ଶݕ1 − ݕܽ + ܾଶ + ଶݖ1 − ݖܽ + ܾଶ ≤ 3(2ܾ − ܽ)ܾ, for any non-negative x, y, z, satisfying ݔ + ݕ + ݖ = 3(ܽ − ܾ). When does the equality hold? 
Dan Popescu 

11. Consider the strictly positive real numbers ܽ, ܾ, ܿ, ݀ with the property ܾܽ + ܾܿ + ܿ݀ + ݀ܽ ≤ 8. Prove that: ܽଶ + ܾଶ(ܽ + ܾ)ସ + ܾଶ + ܿଶ(ܾ + ܿ)ସ + ܿଶ + ݀ଶ(ܿ + ݀)ସ + ݀ଶ + ܽଶ(݀ + ܽ)ସ ≤ 1ܾܽܿ݀. 
Traian Tămîian 

12. Given the real numbers ܽ, ܾ ∈ (1,∞), ܽ < ܾ and numbers  ݔ, ݕ ∈ (ܽ, ܾ), prove that: log௫[(ܽ + ݕ(ܾ − ܾܽ] ∙ log௬[(ܽ + ݔ(ܾ − ܾܽ] ≥ 4. 
Ion Călinescu 

13. Given ݉, ݊ ∈ ℕ, ݉, ݊ ≥ 2 and ݔଵ, ,ଶݔ ,ଷݔ ସݔ ∈ [0,∞) so that  ݔଵ + ଶݔ + ଷݔ + ସݔ = 4. a. Prove that √ݔଵ೘ ∙ ଶ೙ݔ√ + ଶ೘ݔ√ ∙ ඥݔଷ೙ + ඥݔଷ೘ ∙ ସ೙ݔ√ + ସ೘ݔ√ ∙ ଵ೙ݔ√ ≤ 4. b. When does the equality hold in a.? 
Gheorghe Alexe 

14. Solve for real number 2 :ݔ௫ + 1 = (3௫ − 1)୪୭୥మ ଷ. 
Eugen Radu 

15. Solve for real numbers ݔ, ,ݕ  :the following system ݖ
൞√ݔయ + 2ඥݖݕల = 13ඥݕయ + లݖݔ√2 = యݖ√13 + 2ඥݕݔల = 13 . 
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1. Solution (The Romanian Crew – Claudia Nănuți, Diana Trăilescu, Daniel 
Sitaru, Leonard Giugiuc) If (ݔ + ݕ)(ݕ + ݖ)(ݖ + (ݔ = 0, then at least two of ݔ, ,ݕ ܽ√vanish so that the ine-quality reduces to 10ܽ ݖ ≥ 8ܽ√ܽ, for some ܽ ≥ 0, which is obviously true. Assume (ݔ + ݕ)(ݕ + ݖ)(ݖ + (ݔ ≠ 0. Then ඥݔ + ,ݕ ඥݕ + ,ݖ ݖ√ + ,ܽ form the sides of a triangle. The segments of the sides from the vertices of the triangle to the points of tangency with the incircle split each of the sides into two parts, thus insuring the existence of ݔ ܾ, ܿ > 0  so that ඥݔ + ݕ = ܽ + ܾ, ඥݕ + ݖ = =  ܾ + ܿ, ݖ√ + ݔ = ܿ + ܽ. In terms of ܽ, ܾ, ܿ the inequality becomes 5(ܽ + ܾ + ܿ)[ܽଶ + ܾଶ + ܿଶ + 3(ܾܽ + ܾܿ + ܿܽ)] ≥ ≥ 4(ܽ + ܾ + ܿ)ଷ + 9(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ). Introduce ܵ = ܽଷ + ܾଷ + ܿଷ, ݏ = ܾܽ(ܽ + ܾ) + ܾܿ(ܾ + ܿ) + ܿܽ(ܿ + ܽ)and p = abc.  The straightforward algebraic manipulation reduces the above inequality to 5ܵ + ݏ5 + ݏ15 + ݌45 ≥ 4ܵ + ݏ12 + ݌24 + ݏ9 + ݌18  which is simplified to ܵ + ݌3 ≥  .The latter is one of the particular cases of Schur’s inequality .ݏ
2. Solution 1 (Leonard Giugiuc) Let ܽ = 1√1 − ଶݔ  and = 1√ݔ − ଶ. It is left as an exercise to prove by mathematical induction that ൭ܽݔ 0 ܾ0 1 0ܾ 0 ܽ൱௡ = ൭ ݊ 0 ܾ௡0 1 0ܾ௡ 0 ܽ௡൱, 
where ܽ௡ = 12 [(ܽ + ܾ)௡ + (ܽ − ܾ)௡] and ܾ௡ = 12 [(ܽ + ܾ)௡ − (ܽ − ܾ)௡]. In our  
case, ܽ௡ = 12 ቎ඨ൬1 + 1ݔ − ൰௡ݔ + ඨ൬1 − 1ݔ + ൰௡቏ݔ and ܾ௡ = 12 ቎ඨ൬1 − 1ݔ + ൰௡ݔ + ඨ൬1 + 1ݔ −  .൰௡቏ݔ
We need to solve the equations ܽ௡ = 23   and ܾ௡ =  13 . Define  

ݐ = ඨ൬1 − 1ݔ + ൰௡ݔ > 0. 
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