Radu Gologan
(COORDINATOR)

Daniel Sitaru Leonard Giugiuc

300 ROMANIAN
MATHEMATICAL CHALLENGES

iNVATARE DE EXCELENTA




Table of Contents

INACX Of AULROTS oo ss s s s s sses st ssenns 6
00 0T Vo 1<) ol B F =Y o) o DO PP N 7
Chapter 2. Combinatorics. Complex NUMDETS......ccocomeimivneemssiseesneesseeesenns 19
Chapter 3. GEOMELTY ..cuveueercererssersesseesssssssssess st ssionssess s sssssssssssssssssssenes 23
Chapter 4. Number Theory. Real Analysis....mm s 32
SOlutions — 1. AIGEDTa ...ttt es e ses s sesaees 42
Solutions - 2. Combinatorics. Complex NUmbers.......coumrirnseneessseenenns 85
SOlUtiONS — 3. GEOMIELIY ..ooveueeeeaeeeesreeeesseessessesssesses s sessses s ssessessssssesssssessees 98
Solutions — 4. Number Theory. Real Analysis.......commnneneneeeen: 128

BIDIIOGIAPRY ooeertrerreerrirsessessissssssisssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssans 159



chapter
Algebra

1.For x,y,z = 0, the following inequality holds:

5EVx+y)EVE+n+2) = (X /x+ y)3 +18/(x + y)(y + 2)(z+ x)

where all sums are cyclic.

Leonard Giugiuc
2.Find x € (—1,1) so that (M(x))n =M (%), where

1 x
0
VI-x2 AT-=2
M= 0 1 0 :
x 0 1
VI—a2. Vi-x2
Daniel Sitaru
3. Assume 1 < 2a < 2b < 2c. Prove or disprove that
1.1 1 1 1 1
a b c|l=|la b c
a* b* c*l la® b3 3

Daniel Sitaru
4. Consider the positive number x;,k = 1,...,nsothat}}_;x, = 1,n > 1.

Prove:
n

1
[ <
nTL

k=1
Daniel Sitaru, Leonard Giugiuc

5.1fa, b,c = 1, prove that
Jaz —14++b2—14+c2-1<

ab + bc + ca

2

Dorin Mdrghidanu
6. Prove thatif a, b, c € (1, o) then:

4 a
- > —qg—ph—
Yy 2 V6(10-a-b—0)
Daniel Sitaru, Leonard Giugiuc

7. Find permutations x, y, z € S5 so that:

ol 14 e
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e STHTe
xzyz:(s 3 2 4 1)22'

Daniel Sitaru
8. Let x,y, a, b be real numbers so that (x + 1)? + y2 = 1 and
(a — 2)? + b? = 4.Find all possible values of ax + by.

9. Consider x,y,z,t € (0,1),2 = ¥y vx% + (1 — y)2.
Find m = infQ and M = sup Q.

Leonard Giugiuc

Daniel Sitaru
10. Consider the real numbersa > 0and b € (% a]. Prove that:
. 1 < x+2b—a
" x%2—ax+ b2~ (2b—a)b?’

for any x € [0, 00);
+ + <
‘x2—ax+b? y?—ay+b? zZ—az+b*" (2b-a)b’
for any non-negative x, y, z, satisfyingx 4+ vy + z = 3(a — b). When does the
equality hold?

Dan Popescu
11. Consider the strictly positive real numbers a, b, c,d with the property
ab + bc + cd + da < 8. Prove that:
a’?+b%> b:4c? ?+d? d?+a? 1
+ + + < :
(a+b)* (b+c)* (c+d)* (d+a)* ™ abcd
Traian Tdmiian
12. Given the real numbersa,b € (1,0),a < b and numbers x,y € (a,b),
prove that:

logy[(a+ b)y — ab] -log,[(a + b)x — ab] = 4.
Ion Cdlinescu
13.Givenm,n € N,m,n = 2 and xy, x5, x3, x4 € [0, 00) so that
X1 +x; +x3+x4 =4
a. Prove that {/x; - V/x, + "{/@-’{/x_3+ ":/x_g Ny + Ry - Vxq < 4.
b. When does the equality hold in a.?
Gheorghe Alexe

14. Solve for real number x: 2* + 1 = (3% — 1)!0823,
Eugen Radu
15. Solve for real numbers x, y, z the following system:

Vx +28/yz =13
Vy+2xz=13.
Vz +2%/xy =13

Nelu Chichirim



SolutiOns
Algebra

1. Solution (The Romanian Crew - Claudia Ndnuti, Diana Trdilescu, Daniel
Sitaru, Leonard Giugiuc)

If (x+y)(y +2)(z+ x) =0, then at least two of x, y, z vanish so that the ine-
quality reduces to 10ava = 8a+/a, for some a = 0, which is obviously true.
Assume (x + y)(y + z)(z + x) # 0. Then \/x + y,\/y + z,v/z + x form the sides
of a triangle. The segments of the sides from the vertices of the triangle to the
points of tangency with the incircle split each of the sides into two parts, thus
insuring the existence of a,b,c >0 so that \/Jx+y=a+b,,/y+z=

= b+c,Vz+x =c+ a.Interms of g, b, c the inequality becomes
5(a+ b+ c)[a®? + b? + c? + 3(ab + bc + ca)] =
>4(a+b+c)®+9(a+b)b+c)c+a).

Introduce S = a® + b3 + ¢3,s = ab(a + b) + bc(b + ¢) + ca(c + a)and p =abc.
The straightforward algebraic manipulation reduces the above inequality to
55 + 55+ 155 + 45p = 4S5 + 125 + 24p + 9s + 18p which is simplified to
S + 3p = s. The latter is one of the particular cases of Schur’s inequality.
2. Solution 1 (Leonard Giugiuc)

! and = ad .
V1—=x2 V1—x2

It is left as an exercise to prove by mathematical induction that

a 0 b\" n 0 b,
(0 1 0) = ( 0 0 >,
b 0 a b, a,

[(a+b)"+ (a—b)"]and b,, = =[(a + b)™ — (a — b)™].In our

Leta =

N| =
NRO R

where a,, =
1 <1+x)”+ (1—x)” db 1 (1—x)n+ (1+x>n
€ase, tn =5 1—x 1+ [P9Pn 73 1+x 1—x/) |

We need to solve the equations a,, = — and b, = —. Define
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