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Famous Theorems 
 

 
 

CAUCHY-SCHWARZ’s-Inequality 
 ( + ) ≤ ( + )( + );  , , , ∈ ℝ  ( + + ) ≤ ( + + )( + + );  , , , , , ∈ ℝ ≤ ; , ∈ ℝ, ∈ 1,  

+ ≥ ( + )+ ; , ∈ ℝ; , ∈ (0, ∞) + + ≥ ( + + )+ + ; , , ∈ ℝ; , , ∈ (0, ∞) + + ≥ ( + + )+ + ; , , , , , ∈ (0, ∞) + + ⋯ + ≥ ( + + ⋯ + )+ + ⋯ + ; ∈ ℝ; > 0; ∈ 1,  
+ + + + + ≥ 32 ; (∀) , , ∈ (0, ∞) 

+ + + + + ≥ 3+ 1 ; , , ∈ (0, ∞);  ∈ ℕ∗  
MINKOWSKI’s-Inequality 

 ( + ) + ( + ) ≤ + + +  ( + + ) + ( + + ) ≤ + + + + +  ( + ) + ( + ) + ( + ) ≤ + + + + +  ( + ) + ( + ) + ⋯ + ( + )≤ + + ⋯ + + + + ⋯ +  ; ∈ ℝ; ∈ 1,  ; ∈ ℕ∗ 
| + | ≤ | | + | |  > 1; , ∈ ℝ; ∈ 1, ; ∈ ℕ∗ EDITURA P
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Questions 
 

 
 

1. Find the minimum of the expression: 
 = − −( + ) ; , ∈ ℝ∗ 

 
2. Prove that if , , ∈ ( , ∞) then: 
 + + + >  
 
3. Prove that if , , ∈ ( , ∞); ∈ ℝ∗, + + =  then: 
 + + + + + ≤  
 

4. Prove that if , , ∈ , ∞ ; > 0, + + =  then: 
 √ − + √ − + √ − ≥ √ + +  
 
5. Prove that if , , ≥ ; ∈ ℝ; ∈ ℕ, + + =  then: 
 + + √ + + √ + ≤ √ + ( + )  
 
6. Prove that if , , ≥  și + + =  then: 
 + + √ + + √ + ≤ √  
 
7. Prove that if , , , ∈ ( , ∞); + + =   then: 
 ( + )( + )( + )( − )( − )( − ) ≥  

 
8. Prove that if , , ∈ ( , ∞) then: 
 + + + + ≥ ( + )( + )( + ) +  
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Solutions 
 

 
 

1.  Find the minimum of the expression: = − −( + ) ; , ∈ ℝ∗ 

Proof: = 4 − 11 − 143( + ) = 4 + + 4 − 15 − 153( + ) = 

= ( )( ) = ( )( ) − 5 ≥ −5,      min = −5 for 2 + = 0 

 

2. Prove that if: , , ∈ ( , ∞) then: 

+ + + >  

Proof: 

2016 + 2015 + 2016 + 2015 > ( + )4031( + ) > 14031 ∙ ( + )+ > 14031 

because ( ) > 1; ( + ) > + , + 2 + > + ; 2 > 0 

Analogous: 

2016 + 2015 + 2016 + 2015 > 14031 

2016 + 2015 + 2016 + 2015 > 14031 12016 + 2015 + 12016 + 2015 > 34031 

 

3. Prove that if: , , ∈ ( , ∞); ∈ ℝ∗, + + =  then: + + + + + ≤  
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