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Inegalităţi cu laturile triunghiului  
 

 
        ,,Profesorul mediocru vorbeşte. 
      Un profesor bun explică. 
      Un profesor superior demonstrează. 
      Profesorul măreţ inspiră.” 

William Arthur Ward 
 
 

§ 1.1.  Identități remarcabile cu laturi 
 

1. ( )2 2 21
5 16

9
IG p r Rr= + − .    2. 2 2 2 24 4 3IH R Rr r p= + + − .    

3. 
2 2 2

2 2

9

a b c
OG R

+ += − .            4. 2 2 2 29 8 2 2OH R Rr r p= + + − .  

5. 2a p= .        6. 2 2 4bc p r Rr= + + .  

7. ( )2 2 22 4a p r Rr= − − .      

8. ( )3 2 22 3 6a p p r Rr= − − .   

9. ( ) ( )24 4 2 2 22 2 4 3 4a p p Rr r r R r = − + + +  . 

10. ( ) ( )5 5 3 2 2 2 3 42 20 10 8 6a p p Rr r p R r Rr r= − + + + + . 

11. ( ) ( )36 6 4 2 2 4 33 4 3 4a p p Rr r p r r R r= − − + + + .  

12. ( ) ( )22 2 4 2 2 22 4 4a b p p Rr r r R r= − − + + . 

13. ( ) ( )33 3 6 4 2 2 4 312 3 3 4a b p p Rr r p r r R r= − − + + + . 

14. ( )22 4 4bc a r R r− = −  .    

15. 2 2 4 2 2 22 16 16b c a r p S− = =  . 

16. 
( )2 2

2 2

2

2

p r Rra

b c p r Rr

− −
=

+ + + . 17. ( )
2 2

2 2

1 5 4

2 2

p r Rr

b c p p r Rr

+ +=
+ + + .  

18. 
2 2 2

2

b c p r Rr

a Rr

+ + −= . 19. 
2 21 4

4

p r Rr

a Rrp

+ += . 
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INEGALITĂŢI CU LATURI ŞI CU RAZE ÎN TRIUNGHI 8 

20. 
( )2 2 2 10

2

b c p r Rr

bc Rr

+ + += . 21. 
( ) ( )2

2 2b c p R r

b c a r

+ +
=

+ − .    

22. 
1 1

2bc Rr
= .   

23. 
( ) ( )24 2 2 2

2 2 2 2

2 4 41

16

p p Rr r r R r

a R r p

− − + +
= .   

24. ( ) ( )2 22 2b c p p r Rr+ = + +∏ .    

25. ( ) 28b c a r p+ − =∏ .   

26. ( ) ( ) ( ) ( )32 2 6 4 2 2 2 2 3 4 32 12 40 8 4b c p p Rr r p R r Rr r r R r + = − − + + − − + ∏ . 

27. 
( ) ( )

( )
24 2 2 2

2 2 2 2

5 2 20 3 5 41 p p Rr r r R r

b c b c

− + + + +
=

+ + ∏
. 

28. 
( ) ( )

( )
24 2 2 2

2 2

2 8 4

2 2

p p Rr r r R rbc

b c p p r Rr

+ + + +
=

+ + + . 

29. 
( ) ( )24 2 2 22 4 4

4

p p Rr r r R rbc

a Rrp

− − + +
= .   

30. 
2 2 4

2

a p r Rr

bc Rrp

− −= .   

31. ( )
( ) ( )

( )
24 2 2 2

2 2 2

2 8 41

8 2

p p Rr r r R r

a b c Rrp p r Rr

+ + + +
=

+ + + . 

32. ( )
( ) ( )

( )
4 2 2 3

2 2 2

2 2 4

8 2

p p r Rr r R rb c a

a b c Rrp p r Rr

+ − + ++ − =
+ + + . 

33. 
( )( ) 2 2a b a c p r Rr

bc Rr

+ + − −= .  

34. 
2 2 2 2 2

2

b c p r Rr

bc Rr

+ + −= . 35. 
2 2 23 6

2

a p r Rr

bc Rr

− −= . 

36. 
( )2 22

2 2

2 3 4

2

p p r Rra

b c p r Rr

− −
=

+ + + . 

37. 
( )

( )
24 2 2 22 2 2

2 2

8 4

2

p r p r R rb c a

b c p p r Rr

+ − ++ − =
+ + + . 
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Inegalități cu razele cercurilor 
exînscrise triunghiului   
 

 
„Între ceea ce ştii şi ceea ce nu ştii  

este ceea ce presupui.”  
 

 

§ 2.1.  Identități remarcabile cu raze 
 
1. 4ar R r= + . 2. 2

b cr r p= .  

3. 2
a b cr r r rp= . 4. ( )22 24 2ar R r p= + − .   

5. ( )33 24 12ar R r Rp= + − . 6. 
1 1

ar r
= . 

7. 
2 2

2 2 2

1 2 8

a

p r Rr

r r p

− −= . 8. 
( )2

b c
a

p p a
r r

h

−
+ = . 

9. ( )b cr r p p a= − . 10. 
( )( )2

a
a

p b p c
r r

h

− −
− = . 

11. ( )( )arr p b p c= − − .  

12. 
( )22

2

41

4b c

p R r

r r Rp

+ +
=

+ . 

13. 
2 2 4

4
b c

b c

r r p r Rr

r r R

+ +=
+ .  

14. 
( ) ( )3 2

2

4 8

4
a

b c

R r p r Rr

r r Rp

+ + −
=

+ . 

15. 
( )2 2

b c

a

R rr r

r r

−+ = .  

16. 
( )2 2

2 2

2 3

2 2
a

a

p r Rrr r a

r r b c p r Rr

− −−
= = ≥

+ + + +  . 
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17. ( ) 24b cr r Rp+ =∏ .  

18. ( )2 2aar p R r= − . 

19. ( )2 24aa r p R r= − . 20. ( )2 4b car r rp R r= + . 

21. ( )2 2 2 8b cbcr r p p r Rr= + − . 22. 
2 1

2
aR r

bc R

− = . 

23. 
2 2

2 2 2 2

2 4

4
aR r p R Rr

b c R rp

− − −= . 

24. 
( ) ( )2 2 22 8 62

4
a

p R r r R Rr rR r

a Rrp

− − + +− = . 

25. 
2 2

2 2

1 1 4 16

2 4 8a

p r Rr

r r r p r Rr

− −= ⋅
− + + . 

26. ( ) 22a b cr r r p+ = .  

27. ( ) ( )2 24a b cr r r p R r+ = + . 

28. 
( )2

4 1b c

a

r r R

r r

+  = + 
 

 . 29. 
2

2
ar R r

bc Rr

−= . 

30. 
2 2 8

a

bc p r Rr

r r

+ −= . 31. 
( )a

p R rar

bc Rr

−
= . 

32. 
( )2 4

b c

R ra

r r r

−
= . 33. 

( )22

2

4

b c

p R rbc

r r p

+ +
=

+ . 

34. 
4

2
b cr r R r

bc R

+= . 35. b c

a

r r

ar
= ( )2 2

2

12

4

p p r Rr

Rr

+ −
. 

36. 
( )2 2 8

4
b c

p p r Rrr r

a Rr

+ −
= . 37. 

( )2 2

b c

R ra

r r rp

−
= . 

38. ( ) ( )2 4ap a r rp R r− = + .              

39. 
( )

3
b c

p p a

r r

−
= . 40. 

( )( ) 2 2 4

4a

p b p c p r Rr

ar Rp

− − + += . 

41. 
( )( )

2aar p

p b p c r
=

− − . 42. 
( )( )

2 4ar R r

p b p c r

+=
− − . 

Identitățile lui TOSCANO  

43. 
( )

2 2 2

2 41 1

a

r R r

r r S

+
− = .  
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