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Inegalit��i cu medianele 
triunghiului ( )a b cm  m  m� �   
 

 
 

,,Încearc� s� tr�ie�ti în a�a fel încât s� nu 
prea te faci remarcat acolo unde e�ti, îns� 
s� �i se simt� lipsa imediat ce dispari de 
acolo.” 

Victor Hugo 
 

§ 1.1.  Identit��i remarcabile cu laturile triunghiului 
	

1. ( )2 2 21 5 16
9

IG p r Rr= + − .    2. 2 2 2 24 4 3IH R Rr r p= + + − .    

3. 
2 2 2

2 2

9
a b cOG R + += − .            4. 2 2 2 29 8 2 2OH R Rr r p= + + − .  

5. 2a p=� .  6. ( )2 2 22 4a p r Rr= − −� . 

7. ( )3 2 22 3 6a p p r Rr= − −� .  8.  abc = 4Rrp. 

9. 4a� = 2[p4 − p2(6r2 + 8Rr) + r2(4R + r)2]. 

10. 5 5 3 2 2 2 3 42 20 ( ) 10 (8 6 )a p p Rr r p R r Rr r= − + + + +� . 

11. ( ) ( )36 6 4 2 2 4 33 4 3 4a p p Rr r p r r R r= − − + + +� .  

12. 2 2 4bc p r Rr= + +� . 

13. 2 2b c =�  p4 + p2(2r2 − 8Rr) + r2(4R + r)2. 

14. ( )3 3 6 4 2 2 4 3 312 3 3 (4 )b c p p Rr r p r r R r= − − + + +� . 

15. ( )22 4 4bc a r R r− = −� � .   
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16. 
( )2 2

2 2

2
2

p r Rra
b c p r Rr

− −
=

+ + +� . 17. ( )
2 2

2 2

1 5 4
2 2

p r Rr
b c p p r Rr

+ +=
+ + +� .  

18. 
2 2 2

2
b c p r Rr

a Rr
+ + −=� . 19. 

2 21 4
4

p r Rr
a Rrp

+ +=� . 

20. ( )2 2 2 10
2

b c p r Rr
bc Rr
+ + +=� . 21. ( ) ( )2 2 2b c p R r

b c a r
+ +

=
+ −� .    

22. 1 1
2bc Rr

=� .   

23. 
( ) ( )24 2 2 2

2 2 2 2

2 4 41
16

p p Rr r r R r
a R r p

− − + +
=� .   

24. 2( )p a r p− =∏ . 25. ( )b c+∏ = 2p(p2 + r2 + 2Rr). 

26. ( ) 28b c a r p+ − =∏ .   27. ( ) ( )2 2 22 14a b c p p r Rr− = + −� . 

28. ( )a p a−� = 2r(4R + r).  29. 2( )a p a−� = 2rp(2R − r). 

30. 3( )a p a−� = 4Rrp2 − 2r2(4R + r)2.  

31. 4( )a p a−� = 2rp[2p2R − r(24R2 + 2Rr − r2)].  

32. ( ) ( ) ( )23 2 2 24 6 2 4a p a p Rr r r R r− = + − +� . 

33. ( )( )a p b p c− −� = 2rp(2R − r). 

34. ( ) ( )2 4a p a rp R r− = +� . 

35. ( )( ) ( )2 24a p b p c rp R r− − = −� .  

36. ( ) ( )24 2 2 2( )( ) 2 16 4bc a b a c p p r Rr r R r− − = + − + +� . 

37. 3 2 2( )( ) 2 (2 3 ) (4 )a p b p c pr p R r r R r� �− − = − + +� �� . 

38. ( )( )bc p b p c− −� = r2[p2 + (4R + r)2]. 

39. ( )5 3 2 3( )( )( ) 2 4 (4 )bc p a a b a c p p r Rr pr R r− + + = + − + +� . 

40. 2( )p a−� = p2 − 2r2 − 8Rr. 41. ( ) ( )3 2 12p a p p Rr− = −� . 

42. ( )( )( ) 4p b p c r R r− − = +� . 43. ( )p a p− =� . 

44. ( ) ( )22 2 22 4a p a r R r p� �− = + −� �� . 

45. 2 2 2 2 2( ) ( ) (4 ) 2p b p c r R r p� �− − = + −� �� . 

46. 2 2 2 2 2 2 2 2( ) ( ) 2 (8 )a p b p c r p R r p− − = + −� . 

47. 3 2 2 2 2( )( ) 16 (4 5 )a a b a c r p R Rr r p− − = + + −� . EDITURA P
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Inegalit��i cu în�l�imile 
triunghiului ( )a b ch  h  h� �   
 

 
,,Problema cea mai mare e c� pro�tii sunt 
absolut siguri de teoria lor, iar de�tep�ii 
sunt mereu nesiguri de ei.” 

Bertrand Russel 
 

§ 2.1.  Identit��i remarcabile cu în�l�imi 

1. 
2 2 4

2a b c
p r Rrh h h

R
+ ++ + = .       2. 

22
a b b c c a

rph h h h h h
R

+ + = . 

3. 
2 22

a b c
r ph h h
R

= .   

4. ( )24 2 2 2
2 2 2

2

2 4
4a b c

p r p r R r
h h h

R
+ + +

+ + = . 

5. ( ) ( )2 2 2

2

2
b c

rp p r Rr
h h

R
+ +

+ =∏ .  

6. ( )2 2 2 4a
rpah p r Rr
R

= ⋅ + +� .  7. 1 1

ah r
=� .   

8. 
2 2

2 2 2

1 4
2a

p r Rr
h r p

− −=� .  9. 
2 2

2 2 2 2

1 1 4
2a

p r Rr
r h r p

+ +− =� .   

10. 
2 2

3 2 3

1 3 6
4a

p r Rr
h p r

− −=� .      11. 
( )2 2

3 3 2 3

3 21 1
4a

p r Rr
r h p r

+ +
− =� .                 

12. 
( ) ( )

( )
24 2 2 2

2 2 2

2 8 41 1
24 2b c

p p Rr r r R r
h h rrp p r Rr

+ + + +
= ≤

+ + +� . 

13. 
2 2

2 2

1 4
4b c

p r Rr
h h r p

+ +=� .  14. ( )22 4
2

a p R rh
p a Rp

+ +
=

−� .  

15. 
( ) 2 2

2

8
4b c

p p a p r Rr
h h r

− + −=� .  16. 
( )( ) 4

2a

p b p c R r
ah p

− − +=� . 
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17. 
( )( )

2aah p
p b p c r

=
− −� .  18. 

( )( )
2 4 9b ch h r

p b p c R
� �= + ≤	 
− − � �

� .  

19. 
( )

( )( )

2 2 2

2

6
4

ah r p r Rr
p b p c R

− + −=
− −� .   

20. ( )
( )( )

( )2 4 2 2 2 2 3 4

2 2

2 20 208 28
16

a b c
p p r Rr R r Rr rh r h h

p b p c R r
+ − + + +− +

=
− −� .   

21. 
( )

( ) ( )44 2 2 22

2 2 2

2 16 4
4

a
p p R r R rh

R pp a

− − + +
=

−
� . 

22. ( )2 2 2 10
2

b c

b c

h h p r Rr
h h Rr
+ + +=� .   

23. ( ) ( )2 2 2
2

2

10
a b c

rp p r Rr
h h h

R
+ +

+ =� . 

24. 
2 2 2

2
b c

a

h h p r Rr
h Rr
+ + −=� .   

25. 
2 2

2 2

5 4 9
2 2

b c

b c

h h p r Rr rr
h h p r Rr

+ += ⋅ ≥
+ + +� . 

26. 
2 2

2 2

5 4 3
2b c

a R p r Rr
h h p p r Rr

+ += ⋅ ≥
+ + +� . 

27. 
2 2 2

2 24 3
2b c

a p r RrR R
h h p r Rr

− −= ⋅ ≥
+ + +� . 

28. 
( ) ( )

( )
24 2 2 2

2 2

2 8 4

4 2
a

p p Rr r r R rh
b c Rp p r Rr

+ + + +
=

+ + +� . 

29. 2b ch h p
a R
+ =� .   30. b cr r p

a r
+ =� .    

31. 
3b ch h rp

a R
=� .  32. 3

b c

a R
h h rp

=� .   

33. 
2 2

2 2

4
4

b ch h p r Rr
a R

+ +=� . 34. 
2 2

b c

a R
h h r

=� . 

35. b c

a

h h p
ah R

=� .  36. 
2 2 4

2a

bc p r Rr
ah rp

+ +=� .  

37. aah p
bc R

=�  .  38. 3
2

ah
bc R

=� .  
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